Light propagation in disordered media is a fundamental and important problem in optics and photonics. In particular, engineering light-matter interaction in disordered cold atomic ensembles is one of the central topics in modern quantum and atomic optics. The collective response of dense atomic gases under light excitation, which crucially depends on the spatial distribution of atoms and the geometry of the ensemble, has important impacts on quantum technologies like quantum sensors, atomic clocks and quantum information storage.
Introduction
Light propagation in disordered media is a fundamental and important problem in many fields of science and engineering, such as optics and photonics [1, 2] , radiative heat transfer [3, 4] , astrophysics and remote sensing [5, 6] , soft mater physics and chemistry [7, 8] , biomedical engineering [9] and so on. In optics and photonics, harnessing the interaction between light and disordered photonic structures recently inspires the rapid and amazing development of the field of "disordered photonics" [10, 11] , in which focusing [12, 13] and imaging [14] through some seemingly scrambled media were successfully demonstrated. Moreover, enormous applications can be achieved by using disordered media with engineered micro/nano-structures, such as spontaneous emission control [15] , random lasers [16] [17] [18] and radiative cooling [19] [20] [21] , etc.
As disorder in micro/nano-structures leads to complicated multiple scattering and interference phenomena of light, consequently, a plethora of interesting transport behaviors like coherent backscattering and Anderson localization [22, 23] , position-dependent diffusion constant [24] , sub-diffusion [25] and super-diffusion [26, 27] can emerge. Moreover, engineering the disorder via structural correlations in the micro/nano-structures allows people to manipulate light scattering and interference in disordered materials [28] . Structural correlations are the reminiscence of order (usually short-or medium-ranged) in the spatial variation of dielectric properties in disordered media [11] , which can give rise to definite phase differences among scattered waves [29] [30] [31] and hence affect the transport properties of light significantly. For instance, the interactions induced correlations as well as light-induced correlations can be a possible source of experimentally measured nonlocality in the optical response in high density atomic ensembles. The negligence of positional correlations may be a possible reason for the deviations between conventional coupled dipole simulations assuming fully disordered atoms and some experimental measurements [73, 82, 84] besides other explanations like residual motion of the atoms during the probing, nonlinear effects and complex atomic level structures, etc. In addition, another method of creating positional correlations is to directly synthesize the spatial profile of atoms. Recent developments in the manipulation of single atoms make the fabrication of atomic lattices with arbitrary distributions feasible. It was already shown that 1D 87 Rb atomic arrays with desired arrangements in a large scale (more than 50 atoms) can be assembled in an atom by atom way, through a fast, real-time control of an array of tightly focused optical tweezers [94] . Two-dimensional 87 Rb arrays with user-defined geometries can be also fabricated in a similar way [95] . Other modern quantum simulation techniques, such as nanophotonic atom lattices using dielectric photonic crystals [96] and plasmonic nanoparticle arrays [97] , are also possible ways. These techniques offer great opportunities for the study of multiple scattering of light in controlled structural correlations at the most fundamental level.
In the present work, we study near-resonant light transmission in a correlated two-dimensional cold atomic gas, in order to acquire a deep understanding of the effect of positional correlations on resonant multiple scattering in disordered media. The positional correlations among atoms are introduced by adding an exclusion volume for each atom and implementing a Metropolis sampling process, which is manifested as random motions and collisions of the atoms in the 2D plane and can make atom positions strongly correlated. Based on the coupled-dipole simulations under different atom number densities and correlation lengths, we show that the collective effects are strongly influenced by those positional correlations, which lead to significant shifts and broadening or narrowing of transmission resonance lines. We further investigate the distribution and statistics of eigenstates, which are significantly affected by the atom number density and correlation length. The results show that mean-field theories like Lorentz-Lorenz relation are not capable of describing such collective effects. This work may provide profound implications on collective and cooperative effects in cold atomic ensembles, which are crucial for modern quantum technologies, as well as the study of mesoscopic physics concerning light transport in strongly scattering disordered media.
Methodology
Here we study a 2D cold atomic gas expanding in the xOy plane, as shown in Fig. 1a . Because the vanishingly small transmission of high-density 3D samples introduces difficulties to experimental detection [73] , 2D and quasi-2D atomic gases provide a desirable platform for studying the resonant dipole-dipole interactions in dense cold atomic ensembles in a microscopic level. Trapped (quasi-) 2D atomic gases can be prepared, for example, using single pancake-like harmonic traps [98] or at the nodes of one-dimensional (1D) optical lattice potentials [99] . 2D gases in harmonic trapping potentials are usually inhomogeneous, and homogeneous 2D Bose [100] and Fermi [101] gases trapped in box potentials were also reported recently. The cold atoms are assumed to be frozen in a disordered distribution of positions during the radiation transfer process, i.e., under a quenched disorder. This assumption is valid for cold atoms whose thermal velocity satisfies kv γ. In other words, the Doppler broadening ∆ D much smaller than the transition linewidth Γ in the low excitation limit [72, 102] , thus, leading to a homogeneously broadened gas. Light pressure and effects of photon recoils of atoms are also neglected, which is valid when 2mk B T ( k) 2 , where m is the mass of atom. For simplicity, we only consider two-level atoms, which have three degenerate excited states denoted by |e α polarized along different directions, where α = x, y, z stands for the Cartesian coordinates, with a ground state denoted by |g . Under the low excitation limit, we can apply the single excitation approximation [31] , starting from a square lattice with a period of a (left). The normally incident light propagates along z-axis with a wavenumber k z . and work in the subspace spanned by the ground states |G ≡ |g...g and the single excited states |i ≡ |g...e i ...g of the atoms [103] . Moreover, we can adiabatically eliminate the photonic degrees of freedom in the reservoir (i.e., the quantized electromagnetic field). After these assumptions, light-matter interaction can be described by classical electrodynamics under the following coupled-dipole equation as [103, 104] 
where p j (ω) is the excited dipole moment of j-th atom, E inc is the electric field of the incident light. Here α(ω) is the polarizability of the two-level atom, which under our assumptions is described as [74, 104, 105] 
where the transition angular frequency of the two-level atom is ω 0 and transition linewidth of γ with ω 0 γ. G 0 (ω, r j , r i ) is the free-space dyadic Green's function in the following form
where the singular part (associated with the Dirac delta function) of Green's tensor is not explicitly expressed because the circumstances that atoms overlap are excluded, and r = |r| = |r j − r i | > 0 is the distance between two atoms,r is the unit vector with respect to r. Moreover, here we consider that a linearly polarized plane wave is normally illuminated to the atomic sample, which is described as E inc (r) = E 0 exp (ik · r) with a wavevector k = kê z , whereê z is the unit vector along z-axis. The electric field of incident light is thus polarized in the xOy plane. Direct numerical calculation can be implemented to obtain the dipole moments of atoms given the positions of atoms, and the total transmission coefficient for a finite lattice can be computed by following the method in Ref. [81] , in which a lens is put in the far-field downstream of the atomic ensemble, whose axis is along +z direction and located at z = z L 2π/k with a screen loclated in the focus of the lens. The total transmission coefficient is obtained by collecting all light transmitted to the lens and focused to the screen using the diffraction theory as [81, 104, 106] 
where L x and L y are the boundary lengths of the simulated finite 2D ensemble, and β denotes x, y, z. To avoid side effects, in simulation k L x k z L 1 and k L y k z L 1 should be guaranteed. Since the 2D arrays are located at z i = 0 for each atom, Eq.(4) can be written in a more compact fashion as
. Total transmittance defined for light intensity is then calculated as
In this paper we focus on one of the simplest types of positional correlations, which is introduced by adding an exclusion volume for each atom and implementing a Metropolis sampling process starting from a square lattice of atoms with a lattice constant of a [81] . This process is manifested as random motions and collisions of the atoms in the 2D plane and can make atom positions strongly correlated. The exclusion volumes of atoms result in a correlation length of L c , which is the minimum possible distance between different atoms. Here we choose several cases for L c , ranging from 0 (fully disordered) to 0.8a (strongly correlated). The methodology used in this paper, i.e., synthetic positions of atoms and coupled-dipole model are successfully used to interpret experimental results of collective effects in dilute as well as dense cold atomic samples [81, 87, 105, 107] , which can be bosonic [105] or fermionic [79] provided the quantum statistics is accurate. Therefore, we believe this methodology can provide adequate physical details of light-matter interaction, especially the resonant dipole-dipole interactions, in this many-body system.
The case of a dilute gas

Transmission and optical depth
In this subsection, we discuss these collective effects on the transmission spectra. We first study the case of a/λ 0 = 1 which stands for an atom number density of n 0 = 1/λ 2 0 in the initial square lattice, which is relatively dilute compared to some dense atomic samples. The transmission spectra for different correlation lengths are shown in Fig.2a , compared with the ordered square lattice with a lattice constant a/λ 0 = 1.
It is observed from Fig.2a that the positional correlations influence the near-resonant responses of disordered atomic samples significantly, while at large detunings, these spectra approach each other. This is because the dipole-dipole interactions are strong near the single atom resonance and very sensitive to the distances between different atoms, which are associated with the correlation lengths among them. At large detunings, the dipole-dipole interactions become negligible and the single atom scattering behavior recovers, leads to similar responses which only depend on the number density. In particular, the valley (minimum) of the transmission spectra of disordered atomic samples decreases with the increase of the correlation length. This phenomenon can be understood by the role of recurrent scattering effect, which usually lowers the overall extinction coefficient and is significant when the interatomic distance is small [86] . When the correlation length increases, the recurrent scattering effect is reduced, which leads to higher total extinction and thus smaller transmission.
On the other hand, the spectral position of the transmission valley slightly redshifts from weakly blue-detuned to weakly red-detuned. This frequency shift cannot be explained through the local-field shift, or the Lorentz-Lorenz (LL) shift, since the LL shift only depends on the atom number density. Moreover, LL relation is only valid when the atoms are totally uncorrelated in both their positions and optical responses [108] . These simulation results suggest that since the sign of collective frequency shift sensitively depends on the positional correlations, which can provide a possible explanation for recent confusing observations of blue shift [73] and red shift [109] in dense cold atomic gases.
In addition, the transmission spectra of disordered atom samples are vastly different from that of the ordered lattice, which exhibits an overall high transmission near the valley at ∆/γ ∼ −0.7, which results from the long-range order of the lattice. This difference explicitly shows the distinction between short-range order and long-range order, and in the lattice case the optical response is very much governed by the Bloch modes extended over the entire system. Furthermore, in order to demonstrate the interference nature of present results, we also show the transmittance spectrum calculated by independent scattering approximation (ISA) as
where σ(ω) = 6π/[k 2 (4∆ 2 /γ 2 + 1)] is the single scattering cross section of individual atoms. ISA, as a zeroth order approximation for multiple scattering problem [110] , treats all atoms scatter light independently without any considerations on mutual interference effects of scattered waves. In this condition, the optical depth (OD) follows the Beer's law (BL) as
The results of numerically calculated OD and OD under BL are also presented in Fig.2b . It is seen that the result of BL deviates significantly from the all the numerically simulated cases under different correlation lengths at small detunings, while at large detunings, all the results approach each other due to the recovery of single scattering behavior.
Eigenstate analysis
To further understand the role of positional correlations, we implement a numerical analysis of the eigenstates of the disordered system. The eigenstate can be obtained from the following coupled dipole equations without any incident fields 
This equation specifies a set of solutions for ω, which are related to the eigenvalues of the Green's function matrix. Specifically, a complex frequencyω n = ω n − iΓ n /2 satisfying above equation corresponds to an eigenstate of the system [111] . The corresponding eigenvector e n can also solved simultaneously. From the eigenvectors, it is possible to compute the inverse participation ratio as
The IPR describes the spatial content of an eigenstate. For instance, for an IPR approaches 1/M, where M is an integer, the corresponding eigenstate involves the excitation of M atoms [111] . The calculated eigenstate distributions for a = λ 0 under different correlation lengths are presented in Fig.3 . We can recognize that with the increase of correlation lengths, the distribution of eigenstates narrows down to the vicinity of the single atom point (∆ = 0 and Γ = γ), namely, both the frequencies and decay rates of the eigenstates approach the behavior of a single atom. This is because the dipole-dipole interactions, which are significant for small interatomic distances, are reduced due to the positional correlations. It is found that for the fully disordered system and the L c = 0.2a case, there are a substantial proportion of eigenstates are highly localized with very small decay rates, which also result from strong dipole-dipole interactions [74, 112] . Moreover, along with the evolution from a fully random distribution to short-range ordered distributions and then to a long-range ordered distribution, the largest IPR of the eigenstates becomes smaller and smaller, and in the fully ordered case, most of the eigenstates turn to be extended over the entire system. Above results indicate that the statistical distribution of resonance frequencies and decay rates of the eigenstates is an important signal of the dipole-dipole interactions and the shortrange order. To establish a more quantitative understanding, in Figs.4a and 4b we show the statistical distribution of resonance frequencies and decay rates under different correlation lengths respectively. This statistics is obtained by performing 10000 disordered realizations for each correlation length. The distribution of the resonance frequencies in a fully random ensemble shows a long tail at large detunings, which can even extend to |∆/γ| > 100, and to be more illustrative, here only the range |∆/γ| < 3 is selected. By increasing the correlation length, it can be observed that the eigenfrequency distribution narrows down substantially. In addition, the peaks of the probability density functions of all cases are near the single atom resonance but all slightly blue-shifted, in contrast to the frequency positions of the transmission valleys (or OD peaks) that are inclined to redshift along with the increase of correlation lengths. This is because, although more eigenstates exist at ∆ > 0, they are less populated by a plane wave incidence due to lower decay rates and thus weaker coupling to free-space radiation, as can be inferred from Fig.3 .
In terms of the decay rate distribution in Fig.4b , it can be clearly observed that the smaller the correlation length, the more eigenstates with small decay rates emerge, which constitute the long tails in the statistical distribution. Note the figure is plotted against log 10 Γ/γ to show the highly nonradiative eigenstates with Γ → 0. This phenomenon can provide an explanation for the relatively high transmission of the atomic clouds with small correlation lengths, that is, these nonradiative eigenstates can couple to the vacuum very weakly and result in much smaller scattering and thus total extinction. In addition, it can be noted that for the fully disordered case, there is a peak of Γ/γ = 2, which stands for a large proportion of superradiant states formed between a pair of atoms, strongly influenced by the dipole-dipole interaction between atoms which has the r −3 behavior in the small atomic distance, while no peaks around Γ/γ = 2 are observed in the correlated cases [89, 113, 114] .
Larger atom number densities
After establishing a basic understanding on the role of positional correlations, especially the effect on dipole-dipole interactions, we continue to the cases with higher atomic number densities, in which dipole-dipole interactions become more significant. In Fig.5 , the optical depth spectra for 2D atomic arrays with different atomic number densities and correlation lengths are shown, in which the number densities are progressively increased and represented through lattice constant a as a = 0.75λ 0 , a = 0.5λ 0 and a = 0.3λ 0 , respectively. It is noted that the behavior of the a = 0.75λ 0 case is similar with that of the a = λ 0 case. In particular, the peak value of the optical depth spectra of disordered atomic samples grows while the spectral position of the optical depth peak slightly redshifts with the increase of the correlation length. However, in the cases of higher densities (Figs.5b and 5c ), the spectral position of the OD peak turns to be progressively blueshifted for stronger positional correlations. This phenomenon, which is also summarized in Fig.6a plotting the frequency shift of OD peaks ∆ ODmax /γ, comes from the intricate competition between significant dipole-dipole interactions at high number densities and positional correlations. That is, the dipole-dipole interactions tend to blueshift the spectra while positional correlations are inclined to make the spectra redshifted. At high atom number densities, the dipole-dipole interactions play a more significantly role than positional correlations. This observation is also consistent with that of Chomaz et al's [81] , which implied that the blueshift is indeed a many-body phenomenon. This feature can be further summarized in Fig.6b , which provides the maximum of OD, D max , normalized by the BL prediction D max,BL = 6πn 0 /k 2 , as a function of the correlation length at different atom number densities. It is demonstrated that positional correlations can lead to an enhancement to D max while dipole-dipole interactions in turn reduce this enhancement, leading to the lowest enhancement in the case of a = 0.3λ 0 . In Figs.7 and 8 we continue to show the statistical distribution of resonance frequencies and decay rates for different atom number densities, respectively. It is revealed in Fig.7 that a higher number density leads to a more broadened eigenfrequency distribution, and the long tails in the L c = 0 cases also become more extended to large detunings. Note the long tails of the uncorrelated cases are not fully shown to better identify the statistics of correlated cases. This result is obviously due to the dipole-dipole interactions that has a r −3 behavior in the small atomic distance and lead to more significant frequency shifts [74, 114] . Regarding the decay rate distribution in Fig.8 under different atom number densities, more interesting behaviors can be found. In the highest density case (Fig.8c) , it is observed the dependence of decay rate statistics on the correlation length is almost reversed in comparison with the dilute case in Fig.4b . To be more specific, except for the uncorrelated case (in which the behaviors of a set of pairs of atoms dominate), with the increase of correlation length, the decay rate distribution becomes more extended towards the very small decay rate range. In the meanwhile, for intermediate atom number densities ( Figs.8a and 8b) , the dependence on the correlation length is not monotonous. This phenomenon can be explained by the fact that at high atom number densities where the distances among atoms are small compared to the wavelength (i.e., strong dipole-dipole interactions always persist), the introduction of positional correlations combined with a large number of atoms in the wavelength scale can lead to the formation of long-lived collective modes with small decay rates, which are much less possible for small atom number densities. This is also the condition in which for certain disordered media, by engineering appropriate positional correlations and subwavelength mean distance between scatterers, photonic band gaps can form [40, 42] . Therefore, our results can provide a general picture of the complex interplay between dipole-dipole interactions and positional correlations.
Conclusions
In summary, we analyze near-resonant light transmission in two-dimensional dense ultracold atomic ensembles with short-range positional correlations to understand the cooperative and collective effects in a random collection of atoms. Based on the coupled-dipole simulations under different atom number densities and correlation lengths, we show that the collective effects are strongly influenced by those positional correlations, manifested as significant shifts and broadening or narrowing of transmission resonance lines. We also analyze the eigenstate distribution of different atomic ensembles, in which the statistics of eigenfrequencies and decay rates is strongly affected by the interplay between positional correlations and dipole-dipole interactions. This work may provide profound implications on collective and cooperative effects in cold atomic ensembles as well as the study of mesoscopic physics concerning light transport in strongly scattering disorder media.
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